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Abstract. In geotechnical engineering and foundations there are problems that involve large 
deformations, contact between bodies and penetration. In this case, Material Point Method 
(MPM) can be an alternative to Finite Element Method (FEM), improving considerably the 
quality of analysis. The MPM models the soil as a group of Lagrangean particles that are 
moved over a fix Eulerian mesh. Thus, the aspect related to distortions that arise in large 
deformation problems are solved. There are several codes of MPM. In this paper a code called 
NairnMPM is used. It allows the performance 2D and 3D dynamic analyses and can handle 
any defined material type. A very well-known geotechnical model (Modified Cam Clay) was 
implemented within the NairnMPM, being demonstrated through the results of oedometric 
and tri-axial tests. Also, a plane strain simulation of a rigid footing resting over a horizontal 
Modified Cam Clay soil is depicted after its submission to large settlement levels, in order to 
verify the method’s ability to handle large deformations problems. 
 
1 INTRODUCTION 
In geotechnics there are problems of difficult simulation that involve large deformation. 
Typical of these are debris flows, landslides, pile foundation tests, most types of in situ tests 
(CPT, DMT, SPTs), or dynamic pile driving. They are generally analysed by simplified 
methods, as cavity expansion theories or simply ignored at all (interpreted empirically or by 
plain analytical rules) [1]. 
In the last years the finite element method (FEM) have become the standard tool for solve 
the majority of the analyses in solid mechanics. Nevertheless, this method, in its traditional 
Lagrangian formulation, is definitively not suitable to deal with large deformed meshes. 
According to [2] when aforementioned problems are simulated with this formulation, great 
distortions of the mesh occur and some sort of remesh can be required. During remesh process 
all the state variables need to be mapped from the distorted mesh to the new defined one. This 
can lead to the introduction of numerical errors in the calculation [3]. 
Material point method for geotechnical problems involving large deformation  
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To solve the difficulties with FEM usage on large deformation problems, particular mesh 
less methods have been developed. Within these advanced methods, the generation of the 
mathematical problems reduces to the generation of material points and his distribution, 
without fix connectivity between them. Within this category of mesh-less methods are the 
discrete element method (DEM), the smooth particle hydrodynamics (SPH) and the particle in 
cell method (PIC) [4]. Each of these methods has advantages and disadvantages in the 
simulation of solid mechanics in large deformation levels. Some are then associated with the 
properties or characterization of solid materials as in DEM, others with the delineation of 
material boundaries, as in PIC. 
The Material Point Method is a type of PIC [5]. It combines ideas and procedures of both 
particle and finite element methods. It has the potential advantages of using the Lagrangian 
and Eulerian descriptions of kinematic. With the MPM a body is modelled as a group of 
Lagrangian particles. These particles transport the state variables and other variables needed 
to solve the kinematic equations. The variables are interpolated from particles related to a 
fixed mesh in which the equations of motion will be solved. After the solution is obtained, it’s 
interpolated to the particles and the state variables and positions are updated. This procedure 
is repeated throughout the time domain of the problem, hence leading to a fixed mesh with no 
distortion at all [1]. 
In the last decade a generalization of the MPM was done to eliminate the numerical noise 
that arises when a particle crosses from one cell to another. This method is known as the 
Generalized Interpolation Material Point (GIMP), and was introduced by [6]. New 
interpolation functions were introduced with a domain larger than a cell, allowing particle 
movement tracking when it goes out of its original cell. 
In the present paper a code of GIMP developed by [7] called NairnMPM is used and 
verified. This code allows 2D and 3D dynamic analyses with any defined material. A very 
well-known critical state model (Modified Cam Clay) is implemented within the GIMP in a 
way that allows introducing more advanced geotechnical models in a simple manner. Details 
of the model implementation, and certification results derived from the comparison with tri-
axial and oedometric path are presented and discussed. The paper finalizes with a plane strain 
simulation of a rigid footing resting over a horizontal Modified Cam Clay soil and the results 
are compared with those presented by [8].  
2 OVERALL PROCEDURE OF MPM 
Although a very good discussion on the implicit time integration for MPM is presented in 
[9], the majority of the codes found in the literature are explicit. In the present paper the 
explicit solution in time is commented and adopted.  
The numerical process for solving kinematic problems in the MPM can be compacted to 
four steps; 1-initialization of particles, 2- Integration of constitutive equations, 3- Solution of 
momentum conservation and 4- Update of material points. Detailed algorithms of the MPM 
can be found in [10]. In general, all algorithms follow these four basic steps, except for the 
position in time when the integration of the constitutive equation is done. In [11] two 
approaches for the stress-update respectively denominated USL (Update Stress Last) and USF 
(Update Stress First), are presented (see Figure 1). The difference in the solutions using these 
methods is related to the energy point of view. In [12] attention is focused in the numerical 
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characteristics of these methods. It is found that the USF approach gives a better conservation 
of the energy than the USL approach. In the NairnMPM code another technique is presented 
and recommended [10]. It is named USAVG (Update Stress Average), and it does an update 
of the stresses before solve the momentum equation and in the final of the time step. Notice 
that in this method the stresses and strains are updated two times, however with the half of the 
time step value at each time. For the analyses carried out in the present paper no differences 
were obtained for any of the three aforementioned approaches, although the USAVG 
techniques needed more calculation time. Although in [10] is shown that these methods 
generate different results in terms of energy values of the particles, this is important in 























          a)                                       b) 
Figure. 1. General algorithm of MPM. a) Update Stress First Algorithm b) Update Stress Last. 
The formulation of the method applied to kinematic problems can be found in elsewhere 
[10], where particular details of the implementations are presented in [12]. 
3 CRITICAL STATE MODELS 
Critical States theory, as presented by [13], postulate that the material flows as a frictional 
fluid at constant specific volume when, the effective isotropic pressure, and axial-deviator 
stress, have an specific relation that is a property of the material, and the specific volume have 
a value related to the effective isotropic pressure and some initial conditions. This concept 
was initially introduced by Roscoe in the 1960s and is the base of several existing different 
models. They combine five concepts in only one theory, wich are: 
1- Relation between void ratio and effective isotropic stress. 
2- Plastic volumetric strain in different trajectories of stresses, including isotropic and 
shearing. 
3- Critical State. 
4- Failure criteria. 
5- Hardening and softening. 
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One of the first and most used critical state models is the Modified Cam Clay (MCC).  This 
model was developed by [14] and represents a slight extension of Cam Clay model by 
adopting a revised work equation to derive the yield function and plastic potential [13].  
The yield surface of the model is defined in the p-q plane as forming an ellipse. 
  2 2 20 ´f M p p p q    (1) 
Where M is the slope of the critical state line, 0p is the pre-consolidation stress, p is the 
isotropic stress and q  the deviator stress. Hardening is defined as a function of the plastic 















Where  is the slope of the normal compression line in the space of the logarithmic mean 
stress ln ´p  versus the void ratio e .  the slope of the unloading-reloading line in the ln ´p e  
space.  
It is assumed an associated flow rule, i.e.    0 0, ,f p g p  , where  0,g p is the 
plastic flow function and  the Cauchy stress tensor. 
The elastic part of the model is non-linear, with the elastic rigidity matrix changing with p . 
If a tangent elastic modulus is assumed, it can be expressed by the following manner: 
   3 1 2 1 eE p

 
  (3) 
The second elastic constant can be chosen by assuming either a constant Poisson’s ratio( ) 
or an assumed constant value of shear modulus ( G ). 
This model is capable of considering the most important features of the soil behaviour. In 
the last twenty years a lot of improvement has taken place in order to allow the consideration 
of other characteristics of the natural soils. Some of them are presented from [16–18] and for 
instance include an extension to the general stress space, a modified failure criteria, and a 
non-associated flow rule to simulate structured soils. 
4 STRESS INTEGRATION OF THE MODEL 
As in FEM analyses, in MPM a set of ordinary differential equations must be solved to 
find the stress variation based on the strain increment. In the MPM case, the strain increment 
comes from the velocities calculated at the nodes of the fixed mesh. The system of equations 












Where  is the Cauchy stress tensor, D the elasto-plastic stress-strain matrix,  the strain 
tensor, h  an internal stress variable of hardening and s  an internal strain variable of 
hardening. In the Modified Cam Clay h  is 0p  and s is pv . 
Equation (4) has to be integrated for each time step in a strain domain. Actually this system 
of equations is solved on an incremental form, because the mathematical complexities from 
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most models do not allow a direct integration. In an incremental form this equation is 
expressed as: 
 :t t t D       (5) 
Several integration schemes have been proposed to solve this system of equations. In [19] 
it is presented an explicit algorithm with substepping and error control with good results in 
terms of efficiency and accuracy. In the present paper the simple explicit forward Euler 
algorithm was implemented as a first step to test the model. Nevertheless, further 
implementations will need a more efficient algorithm. 
In the case of large deformation analyses, the integration of the constitutive equations can 
no longer be done by equation (5). Some modifications have to be done to avoid changes in 
the stress tensor due to rigid-body motion [20]. One of the most used modifications is the 
introduction of an objective stress rate. If the hypoelasticity is used, the Jaumann stress rate is 
introduced in the stress-strain relations, wish is defined as follows: 
 :J Td d d d D d            (6) 
where  is the non-symmetric part of the displacement gradient. 
The stress increment is found by integrating d in equation(6). In an incremental form this 
can be written as: 
  ˆ , :t t t t t T t t pvD              (7) 
In equation (7), the first three terms of the right side represent the previous stress state in 
the present configuration, where the second and third terms take into account the possible 
rigid body rotations. Equation (7) is a simplification of: 
  ˆ , :t t t T t pvR R D         (8) 
In which R , is the rotation matrix. A simplification is introduced ignoring the 2t terms 
when deducing equation (7) from equation (8). 
One can notice that, introducing in this manner the effect of the rigid motion in the 
integration scheme, the algorithm to be used for small deformation analysis need only to be 
modified with a subroutine that calculates the part of rigid body rotation, keeping all previous 
implementations. 
In [21] three different ways to introduce the rigid motion effects are presented, i.e. before, 
after or during the integration of the constitutive equations. No differences in the accuracy of 
results obtained by these algorithms was observed in [21]. For the analyses done in the 
present paper, the correction of the stress tensor is done after the constitutive equations are 
integrated. 
4.1 Method of projecting back 
The integration of the constitutive equations of an elasto-plastic model is normally done in 
an incremental form, as mentioned before. All the process of integration is done assuming a 
constant constitutive matrix. Because the constitutive matrix changes with the level of stress 
and the hardening parameter, it is required to assume small steps of integration in the 
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numerical procedure. In general the procedure is to assume an elastic predictor and a plastic 
correction of the stress state. Even with the use of small steps, in the post yield range, it is 
found in practice that the predicted state of stress at the end of a loading increment may not 
lead to the correct yield surface. This deviation is found to be more pronounced in critical 
state models because the yield surface is also moving during the loading increment [22]. 
Given such feature it is necessary to introduce a method for projecting back the state of stress 
to the yield surface. Five different methods are then proposed in [22]. In the present paper one 
of these methods will be employed, which allows the stress state to be projected back along 
the plastic flow direction. Therefore, the algorithm of integration is mathematically expressed 
as: 
 :trial Ed D d   (9) 
 trial t triald     (10) 
If  0, 0trial tf p   a plastic correction is then needed, 
 : :t t t trial E t trial Ep p trial
gd D d d D      

      

 (11) 
 Verified if  
  0,t t t tftol f p ftol      (12) 
If not, the return correction algorithm shall be applied, as follow: 





     
 (13) 
c is and scalar quantity and can be computed as: 
 










    
       
 (14) 
At this stage, it is verified the value of the yield function at the corrected stress state( t t  ) 
and if it is within the desired tolerance ( ftol ). If not, then the return correction algorithm shall 
be applied again, in order to change the values of the stresses according to: 
 









Finally, yielding the corrected value t t  .      
This stress state needs to be modified to take into account the possible rigid body motion. 
Once it is projected back, the correction presented in equation(7) can be applied. 
In summary, this item explained an algorithm for the integration of critical state models. 
Four stages; First, a “trial” elastic-based state; second, a correction for plastic strains; third, 
correction to return the state stress to the yield surface; and a final fourth stage, where another 
correction is done in regard to a possible rigid-body motion. In next section this particular 
algorithm will be tried out in some basic analyses. 
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5 VALIDATION OF THE IMPLEMENTED MODEL 
As stated before, the Modified Cam Clay model was implemented in a code of GIMP, 
called NairnMPM code. This code was developed by Professor John Nairn at the University 
of Oregon. The code is explicit and allows 2D and 3D numerical analyses. It was written in 
C++ and incorporates distinct material models, especially those related to mechanical and 
wood engineering. More details about the NairnMPM can be found in [7].  
In this paper, a new class of material, called GeoMaterial, was created. It allows the 
addition of critical state models in a simple way. The integration of the constitutive equations 
follows the steps already described before. The Modified Cam Clay model was implemented 
as a simple model to verify the implementation of this new class of (earth-like) material. 
Simulations with known stress path were conducted to test the model and validate it.   
Figure 2 presents an oedometric path obtained with the GIMP code using the MCC model. 
The present analysis began from the null stress state. The critical state line (CSL) and the 
projection of the yield surface in this plane are also depicted. In this figure it is also shown the 
simulated stress path achieved by the numerical model and the one obtained by the integration 
of the MCC. This last one is considered the “exact” for comparison. It is clearly seen that the 
results obtained are good for an engineering purpose. The curvature of the path, when it 
touches the yield surface (figure 2. a), is an outcome of the associated flow rule of the 
implemented model. The direction of the stresses is the same of the strains direction, a time 
step before the stress state touches the yield surface Nevertheless, when the elasto-plastic 
behaviour begins, the direction of the plastic part of the strains is perpendicular to the plastic 
flow surface (equal to yield surface) and it does not have the same direction of the stresses, 
giving this deviation from the original trajectories of stresses. This curvature is corrected 
when the plastic strains are much larger than the elastic ones. 
Figure 3 presents a tri-axial stress path simulation of a sample with an over consolidated 
ratio (OCR) in the dry side of the yield function. This path is done to check the 
implementation of the method in terms of projecting back. The trajectories in the p vs q plane 
and the q vs d  are presented. Notice that d  is the deviatory strain. The trajectories are 
presented for the calculation which adopts, and without adopting, the method of projecting 
back (i.e. with and without return algorithm). 
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a)        b) 
Figure 2: Oedometric compression path. a)p-q space  b) lnp-e space. 
    
a)        b) 
Figure 3: Compression tri-axial test in the supercritical side. a) p-q space  b) q vs d . 
The results are as expected. The trajectory obtained by using the return algorithm presents 
a softening feature once it reaches the critical state line. With the time step which has been 
used in these examples, it was necessary only two or three iteration to have the stress state 
correctly returned to the yield surface.  
The problems associated with the MCC model have not been commented herein because 
the emphasis of the present paper was solely on the implementation of the model. 
Nevertheless, it wouldn’t be difficult to introduce some of the new improvements associated 
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6 NUMERICAL EXAMPLE 
The potential use of the algorithm is also tested against a hypothetical load test case. The 
example consists of a rigid footing resting in MCC soil submitted to large settlement levels. 
This case is particularly characterized by strong rotations, hence, being well suitable to test 
the applicability of the numerical method and the implemented model. 
The properties and the geometry of the problem are presented in Figure 4, where 0k is the 
earth pressure coefficient at rest,   is the unit weigh of the soil,  is the internal friction angle 
which relates with M , and  is the applied prescribed settlement. The assumed size of the 
footing B is equal to 1m. 
As mentioned in [8], as the soil has no strength at zero stress, in according to the MCC 
model, its self-weight is used to generate a non-zero initial stress field. In addition, a thin 
layer (0.25m in thickness) of elastic material is added on top of the MCC soil, in order to 
avoid a slope failure problem when the settlement of the footing is large enough. That means 
a slope failure of the adjacent soil once it becomes highly inclined. 
For this example, 4 particles by cell are adopted, for a total of 10010 particles and a 
structured square uniform mesh with cell length of 200mm. The GIMP (uGIMP) method is 
used as described in [6] and the integration of the constitutive equation is employed as 
previously addressed in section 4. 
 
Figure 4: Rigid Footing in MCC soil (modified of [8]). 
This example is also documented in [8] and the results obtained by his authors are used 
herein as comparison. They used ALE and Update Lagrange methods for solving this problem 
that involve large deformations. Also two objectivity stress rate tensor in the integration of the 
constitutive equation were used. These are respectively Jaumann stress rate and another one 
that is equivalent to Truesdell stress rate (see [8] for more detail). The predicted average 
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vertical pressure under the footing vs displacement curve is showed in Figure 5. In Figure 6 
the both final deformation level and vertical displacement shade are presented.   
 
Figure 5: Load displacement response of a rigid rough footing on the MCC soil. 
The prescribed displacement was applied very slowly for avoid oscillations problems in 
the model, because of this no damping was required to preclude this problem. The analysis 
needed a total CPU time of 3 hours. The constant time step was computed using the Courant 
condition with a deformation moduli of 10MPa.  
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As shown, the GIMP method seems to be stable for large deformations and rotations, at 
least for the range of magnitudes attained in this particular example. 
The results obtained herein with GIMP are very similar to the ones predicted by [8]. 
Nevertheless, some minor differences can be attributed to the inherent proper characteristics 
of the adopted numerical methods. 
7 CONCLUSIONS 
A new class of materials that allows including more suitable models for the simulation of 
geotechnical problems was introduced in the context of GIMP. Some key conclusions are 
drawn from the numerical examples considered in this paper:   
- The new GeoMaterial class provides a frame for the introduction of critical states 
models in the NairnMPM code based in the GIMP.  
- The numerical example problem developed involved large displacement and rotations 
of the elasto-plastic medium. The GIMP and the Jaumann stress rate seem to provide 
an effective solution to this type of problems.  
- The next step is to implement a non-constant time step algorithm based in the 
magnitude of deformations. Also, a substepping algorithm to integrate the 
constitutive model is required. 
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